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The state of stress in a thin elastic shell of zero curvature with free edges is investigated,
It is deduced that the conditions of zero moment (membrane state) formulated by Vekua
for shells of positive curvature remain valid for shells of zero curvature, provided that the
edges of the latter shells are not asymptotic, It is shown that the state of stress and defor-
mation of the shell increase sharply with relatively small deviations from the conditions
of zero moment,

1, We refer the neutral surface of the shell of zero curvature to lines of curvature,
We denote the parameters of this systern by (o, P) and assume, following [1], that ‘_ra'
denotes the arc length along the rectilinear generator. The remaining notation is also
adopted from [1].

We study a closed (without the edges f = const) shell of zero curvature whose both
transverse edges o0 = a, and o = a, are free from any supports, The shell is acted
upon by a surface load (whose components are X, Y,
Z) and the boundary forces lying in the tangential
plane (the forces n,;, f; applied to the edge & =,
the forces ny, I, to the edge @ = a,). The positive
directions of the external forces, the displacements
and the vectors of the moving trihedron are shown
in Fig, 1.

2, We begin by discussing the problem of obtain-
ing a solution of the stated problem according to the
membrane theory, i, e, by integrating the membrane
state equations of equilibrium with the shear bound-~
ary conditions, which in the present case have the

form
T,=mn,, S, =1¢ when @ = a, (2.1)
Iy =—mn, S = —1, when & = a,

taken into account, This means that a membrane state of stress corresponding to the
given surface load X, Y, Z and the tangential forces n,, ¢,, n,, ¢, must be con-
structed, Vekua investigated in [2] such a problem for shells possessing positive Gaussian
curvature throughout, and showed that the problem has a solution if and only if no work
is done by the surface and the boundary loads on the displacements associated with any
infinitesimal flexure which the neutral surface may undergo, under the condition that
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the displacements of its edge (or edges) may not be restricted in any manner, In the
present paper we investigate the validity of the Vekua theorem as applied to shells of
Zero curvature,
First it must be noted that the Vekua theorem is invalid for shells of zero curvature
with rectilinear edges, This can be shown by constructing the following example.
Example, We consider an open shell of zero curvature whose edges a = a;, &=das,
B = B, B = B2 are free. Assume that the surface forces are absent (X = Y = Z =0),
that the curvilinear edges a = a, and a@ = «, are load-free and, that the state of stress
is induced only by the tangential forces applied to the rectilinear edges of the shell
(Fig. 2).
The membrane state of stress fulfilling the above
requirements satisfies the following membrane state
equations of equilibrium of an arbitrary shell of zero

curvature ; PYS oB t—o
a oT, 0B

o (B + 55 + 55 S +BY =0 2.2)

%-&-Z:O, Sp=—58=
Fig. 2 here B is the second coefficient of the first quadratic
form and R is the principal radius of curvature (dif-
ferent from infinity),

The general solution of (2.2) can be written as
X

re e () b 5 [5G - v

a ay

— § (gg RZ + BX) da 2.3)

a

_1”.’}74_%8[3 ‘%;‘(RZ)—BWJ da, Ty=—RZ

38
where /1, /2 are arbitrary functions of B. We see from these solutions that, ifX =Y =
= Z = 0 and the curvilinear edges are load-free, i, e, if T, and S satisfy the homogen-
eous (with n, = ny = t, = t, = 0) conditions (2.1), then the equations of equilibrium
have a single trivial solution 7; = § = T; = 0. Consequently no (non-zero) forces
applied to the rectilinear edges of the shell of zero curvature can generate a membrane

state of stress,
We now turn our attention to the displacements caused by the infinitesimal bending
of the surface of zero curvature, Their defining equations are ([1], p. 126)

du | 1 du a fv ) 1 dv 1 6B w
Py Tw*‘Bd—a(ﬁ)—o' FoE T Fmé™ 'Y
The quantities B and R have the same meaning as in (2. 2), and the following formulas
(11, pp.124~-125) hold for the shell of zero curvature

B = by -+ aby, R=ry+ary, B/R =b/r

S =
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here &, bg, by, 7, re, r1. are functions of B only, Taking this into account we obtain the
following general formulas for the displacements u, », w

é R &y BB
U =1, vzp'aipﬁ_l'f"Bq}h W = (aB u’)

a
P:»—-BS%;du 2.4
&y
where ¢; and g, are arbitrary functions of 8.

For B = const, i.e, on the rectilinear edges, » and » vary linearly in @ and the exter-
nal forces can be chosen on these edges without any difficulty in shch a manner, that no
work is done by them on the variables » and = This implies that the Vekua theorem
cannot be applied to a nonclosed shell of zero curvature,

8, We now consider a closed shell of zero curvature, The work Z done by all exter~
nal forces on its displacements is given by

By

L= (—un,— vt) Bdp +S (uny + vty) Bydl +
B By

By &y
+§$ xu+ Yo+ Zw)Bdadp, Bi=Bl— (=12
Bsas
Let us insert into the above formula the expressions (2,4) for u, v and w and perform
the integration by parts with respect to f§ so as to eliminate dg, / dff and dv / df.
Assuming that the corresponding integrands are continuous in B, we obtain

B,
L=— S 1B, gadB + \ 1,B,%gydB — S n, B9, dB -+

l al

L P {7 (R/)] Boudadd +
B B
AT+ 2 r)ossir— T [or -
By ay Biay

~ 9 (RZ)JdadB Q %o (tzB P,)dB + {S vRZda +

ay

Qg

B
+ 0itaBaPy + 01| P[BY — 2 (RZ)1dal)” (3.1)

1
P 3= P !42-‘“:

If the obvious periodicity requirements hold on traversing the contour of the transverse
cross section, then the integrated part of (3.1) contained within the braces will vanish,
This we assume, requiring in addition that L vanish for any @y, Ps. i.e. that no work
is done by the external forces on the flexural displacements, This is obviocusly equiva-
lent to the requirement that the coefficients of ¢, and ¢, appearing under the integrals
(in B)vanish separately, Hence
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ﬂ. 6
S [B 75 (RZ) — BW] dot 4 t,B — t,B,? = 0 (3.2)

ay

—(;ZB.S P [;E(RZ) —BY|da + <BX +%§R2)da——

ay a2
.
ay a

1

a
- gg(tszpz)‘— nBy+ nyBy; =0

4, All membrane states of stress, i, €. the solutions of (2, 2), are defined by (2. 3). The
requirement that the first two boundary conditions (2. 1) hold, yields the following for-
mulas for the arbitrary functions f, and f,

h=uB% fi=nbB
Inserting this into (2, 3) and demanding that the last two conditions of (2,1) hold, we
obtain the following two necessary and sufficient conditions of existence of the desired
membrane state of stress

e

S [B a% (RZ) — BZY] do 4 £, By? — t,By% = 0 (4.1)
?BB‘S’B%S B [—d%-(RZ)— BY |dodax + §'(BX +§§Rz)da+
+ ST;% (-l;i:tl) dot — 1y By + nyBy = 0 (4.2)

ay

The relations (4, 1), (4.2) are equivalent to (3. 2). This is obvious in the case of (4.1).
In the case of (4.2) we can note that by (2.4) we have

and eliminate the inner integral in the first term of the left-hand side using the integra-
tion by parts, The resulting equation can easily be transformed with the help of (4. 1)
into (3,2). This proves the validity of the Vekua theorem for a closed shell of zero cur-
vature with the transverse edges following the lines of curvature (the only requirement
being that the components of the surface load and the edge forces are sufficiently smooth
functions of the points belonging to the transverse cross section of the shell).

5, We shall now consider a problem whose formulation includes moments and use the
example of a circular cylindrical shell of medium length to study how the asymptotic
behavior (in %) of the stress-strain state varies with the conditions of the Vekua theorem
being satisfied or violated,

The position of a point on the neutral surface is defined in terms of the relative dis-
tance £, measured in fractions of the shell radius r along the generator and the angular
coordinate 0 , and we assume that the whole neutral surface is defined by the inequali-

ties 0<<O<<2, —1<EL

We assume the boundary load to be zero (ny = ¢, = n, = ¢, = () and the surface
load to be defined by



State of stress in unconstrained shells 169

X=X,cosmb, Y=Y,sinmb, Z =2Z,cosmb (5.1)
where m = 2 ,stipulating at the same time that the surface load is self-balancing over
the whole shell and that it doés not vary much,

The transverse shell edges § = —1 and E, = 1 are assumed to be free, and to sim-
plify matters we restrict ourselves to the case when Y, (£) and Z,, (£) are even func-
tions, while X, (§) is an odd function of £. Then the problem becomes symmetrical
with respect to the cross section £ = 0 and only phenomena taking place within the
region 0 <C & <C 1 need be considered,

We employ the method of partitioning described in [1], i, e, we seek the general state
of stress Q in the form of four terms

Q= Q(P) + Q(‘m) + Q(b) + Q(e)

where (XP) is the state of swress corresponding to the particular integral, @(m) is the
membrane state of stress, Q) is the purely moment-induced state of stress and Q(¢)

is the simple edge effect (in all cases () denotes the collection of stresses, moments,
displacements and angles of rotation of the state of stress under consideration), All these
states were constructed in [1](ch,6, 15 and 17) and the formulas defining the correspond-

ing quantities are (*) "

S = —r(mZp + Y,n) dEsin md
{ 1

B g
TP = r {[— X + m§ (mZn + Y) a2 d cos mo
1 1

T =C,cosmp, S™ =0, G™=—Cr ﬁ;-cos mh, N =
Y = — nic,™ (”(l:rz f_)_(:;)_ D) 2 cos m0
SP = nic, ™ (";Z 1)(:;) Dt sinmo (5.2)
GY = n‘Cz'g—((%_——-a:T)dcos mo, N® =0

2Ehwt®) = (C3c0s § -+ Cysin ) e* cos mb
9 = — n2m2v2r 1 (Cycos { — Cysinl) et cos mO
) = —r1(C;c08L + Cysinl) et cosmb -
SO = — Y V2 mvir 1 [(C5— Cy)cos§ + (Cy + Cy) sinl] e* sin mb.
G,® = — 0% (C,cos { — Cj sin {)et cos mb
N,© = 0!/, 2v-1-1[(C3 — C,)cost + (Cs + C,)sinLlecosmb
=3(1—0¢?), =1LV (E-Dn

where 7 is a small parameter given by

n=YVh/R (5.3)

*) For pure moment-induced state of stress [1] gives only the displacements, but the for-
ces and moments defined by the latter can easily be obtained using the methods given
in 1] ch,17,
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Since the unknown quantities (functions of 0) vary as sin m@ or cos mb, constants
replace the arbitrary functions in the above formulas, C, and C, are the constants of the
membrane state of stress and of the purely moment-induced state of stress (since the
problem is symmetrical, each state retains one constant), while C 5 and C; are the con-
stants associated with the simple edge effect at the edge g

When a load of the form (5,1) is applied to a circular cyhndncal shell, the condi~

tions of the Vekua theorem become
1

1
((mZp+Ya)dE=0, ((Xp+Em(mZ, +Y)IdE=0  (5.4)
—1 —1

In the present case these conditions are equivalent to

§SPlicy = TP ey =0 (5.5)

The possibility that (5. 5) may not hold in the principal or second order terms cannot,
however, be dismissed; therefore we assume that

P 'E—l > T (8) SP ,a_=1 == T1”2"1'31 (s) (5.6)

here p is an integer determining the accuracy with which (5, 5) are expected to hold,
It is assumed that (5, 5) hold to within the order of

e=0(n")
At the edge £ = 1 the condition that forces and moments are absent must hold,
This leads to the following system of algebraic equations defining the constants Cy, C,,

Co Cii TP foqraCpr— qronbr=1 Cy% — ooy 1% = 0
S(lp) + n—b+2 02*:_ n-0+1 "/2_ V'lr_l (03* -— Cd*) = 0 (5.7)
NGy — N Y rCr* 4 70422 Cp¥ — oty 20 = 0
NN + 071, V2 vir 1 (gt — C*)=0

where
Ci=n"C*, Co=7n2C% Cya=1n°Cy*
Co=meCs*, G =06, NP =n'N, (5.8)
We neglect, for simplicity, the correction terms due to the torsional moments appear-
ing in S, andN,. The expressions for G,, and N, appearing in the last two equations
of (5.7) could easily be written out in full, but they are complicated and shall not be

required in what follows, We only note that the powers of 7] in the expressions for JV. 1P
and G, appearing in (5, 8) are chosen so, that
Gre=0(TP),  Niu=0(TP) (5.9)

We assume that the power indices a, b, ¢ appearing in (5, 8) are integers and that
the constants C;* are of the order O (n°). Then (5, 8) is used to find the asymptotics
of constants Ci',and by virtue of (5. 2), the required asymptotics of the state of stress of
the shell is defined,

The indices @, b, ¢ in (5.7) must be chosen so, that the passage 1 — (' yields an
iterative process of solution of (5. 7), in which the initial approximation system is solva.
ble and independent of 7). This is achieved by choosing

a=—p, b=2—p, c=2—p (5.10)
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To prove this we write the required constants in the form
C*= 2 Ciep  1=1,234 (5.11)

8=0
insert (5,11) into (5, 7), take (5. 6) into account, and equate the coefficients of like
powers of 1 to zero in each equation, to obtain

T(lp{s) + Crsy — 4r 1 Coyiey — 4V r1Cyy =0
SEY + 4riCo — V2 v (Caisrny — Cagarn) =0 (5.12)
G- 11 — /s TCxs-) + %0 Cate)— V7 Camy = 0
N gy + Y5 V2 v (Caenry — Cyern) = 0

= ZTI’G%): Nlt = ZTI" 1(0)

The sequence of systems of algebraic equations (5,12) in which the quantities with
negative indices are assumed zero, yields the following recurrent formulas defining the
groups of constants

We assume that

Cis) G=1,2 34 (5.13)
in the order of increasing (s). '

Let us suppose that the constants (5,13) have been found for s = 0, 1, ... k — 1.
Assuming that the quantities accompanied by the superscript (p) are also known we can
obtain (5,13) for s = k by putting s = k in (5. 12) and adding to the resulting equa-
tions the fourth equation of (5,12) after substituting s = %k — 1 into it, This yields a
system of five equations with five unknowns C;p (i = 1, 2, 3, 4) and Cg(rs1y ~C o(en)
which, as can easily be checked, always has a solution,

It can easily be shown that (5.13) can also be obtained for s = 0. Putting s = 0

in (5,12) and adding the fourth equation of (5.12) in which we put s = —1, we obtain
)
Cooy= — TEh — /s ST + 4r2 Gty — /s NE,
Cawy = — HaT (S0 + 2N{lwra) (5-14)
Cowy = Cawy = — Y15 VriS) + ¥y — s VPN i)

which proves the proposition,

8, We consider the asymptotics of the stress-strain state of the shell, arising from(5.9),
Formulas connecting the forces T and moments G with the stresses can be written as

or=1,T [h, ocg=>3)G/HK (6.1)
where 7': denotes any force and'G any moment,
This, together with the formulas (5.2), (5. 3), (5. 8) and (5. 9), yields the following

stress asymptotics (@) _ y-20 (7)), o =1 0 (T
(m) — 1]}1--20 (T(p)), 5<Gm) = nP-O (T(p)) (6.2)
G(Tff) = e 0 (T(P)), o};‘” =40 (T(P))

P =np20(TP),  of =0 (T®)
while the elasticity relations



172 A, L, Gol'denveizer and E, M, Zveriaev

2ER L = Ty — o, z.Eh[-‘--"?-‘i + B—j;(—%)] =T, —oT,

B 98
1 0 1 0B w '
2Eh(—-§a—g+7%u-——ﬁ)=2(1+c)S (6.3)

yield the displacement asymptotics for the particular integral and for the membrane
state of stress,

An assumption that the displacements do not vary very much, i, e, that differentiation
does not affect their asymptotic order, enables us to write

2ERU® = 0 (T'P), 2ERU™ = 0(T™) =n* O (T (6.4)

where [/ is any one displacement,

The latter estimates are not suitable for the purely moment-induced state of stress
where the principal parts of the left-hand sides of (6. 3) vanish, nor for the edge effect
for which the assumption that no large variations in the displacements take place does
not hold, ¥or the purely moment-induced state of stress, relations of the form

9Ehx, = 3k (G, — 6Gy), 2Ehn, = 3h~2 (G, — 0Gy)
2Eht.= 3kt (1 + o) H,

must be used instead of (6, 3), and these relations yield, on expressing x,, %,, T in terms
of displacements 2ERU® = 40 (G(b)) p—e O(T(p)) (6.5)
The edge effect displacement asymptotics follows from (5, 2), (5. 3) and (5, 8) and can
be expressed by QSERU® = O (Tée)) — 20 (T(p)) (6f6)

where [/(e) denotes the largest displacement due to the edge effect, i, e, the displace-
ment wle),

In the following the quantity @ will be understood to exceed P by r orders of magni-
tude if P = QO (") (if the relative thicknessof the shell is 0, 01, then the statement:
"increased by an order of magnitude” will imply the appearance of an additional multi-
plier of the order of 10),

Let us put p = 4 in (6.2),(6.4), (6.5) and (6.6), i, e, let us assume that the condi-
tions of the Vekua theorem hold with the accuracy of up to the order of

e=0(n") =0 (H)

Then the stresses associated with the particular integral will exceed those due to the
purely moment-induced state of stress and the edge effect by two orders of magnitude,
i, e. the methods of the membrane theory which can be used in the present case, give a
stress pattern which is formally correct, When the moment theory is used, the only sig-
nificant corrections appear in the displacements since {/(® , as well as U/{P) and [J(m),
are all of the same order, (This follows naturally since the membrane theory does not,
in general, allow a unique determination of the displacements in an unconstrained shell),

Formally, when an unconstrained shell is loaded in accordance with the conditions of
the Vekua theorem, its behavior resembles that of 2 supported shell (it can be shown
that in the latter shell the asymptotic stresses and the deformability are of the same
order), This fact, however, is of no practical value, since the stress-strain asymptotics
in an unconstrained shell is unstable (small deviations in the load produce significant
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changes in the stresses or displacements). For example, when, p = 1,i.e. when the
conditions of zero moment are violated in the quantities of the order of O (n)=0 (')
(a 10% error with the relative shell thickness of 0, 01), the stresses increase by an order
of magnitude (roughly speaking by 10 times) and the displacements by three orders of
magnitude (1000 times),

For u = () and the conditions of zero moment are violated in the principal terms,
the stresses increase by two orders of magnitude (obviously we assume that the linear
theory of shells still holds, i, e, that the loads are much smaller than the ones that the
shell is usually called to camry),

7. The results of the asymptotic analysis were verified by solving the problem numer-
ically, according to the plane theory of shells with the moments taken into account, The
algorithm for such a solution is discussed in detail in [1], ch, 10,

The load was given in the form

X = sin nf cos 20, Y = cos nsin 20, Z = cos nk cos 26 (7.1}
The parameters chosen for use in the computations were
w=hlr=001, =1, 2ER/{1—o0¥)=1, r=1

Under the load (7.1) the second conditions of (5, 4) is satisfied identically, while the

first one is reduced to
sinn =0 (1.2)

and holds, if n = nk (k = 1, 2, 3, SRR
In the cowrse of computations we have set k¥ == 1 , We have also considered the cases
when (7,2) is changed by 0.1% (n = 3, 2,

60r5% A 1, 0). This was done by assigning the values
- (0.9997, 0.99n,.0.9% and 0.57) to » and
40 P - performing the computations for each of
; / these values, For.n == n , the zero moment
20 e 3] z conditions are satisfied exactly, but the
:0‘4'\ L membrane theory itself has an intrinsic
\/: error which is at least of the order 0 (k%) =
0 i ‘\_ z ! = O (n%) (see [1], ch,15) and the value of
,/ /‘ B = 4 was set to cotrespond to n = x ,
-20 va The results of the computations are given
k graphically,
-4g Z; The graphs of o* versus £ are given in
_ Fig. 3 as solid lines, each accompanied by
50— " a number indicating the corresponding value

of p ., The quantity o* is connected with
o ,the latter denoting the stress induced
by the moment ¢, by the following formulas
Sg==c*cos20 (u=2 3,4 6o = 102" cos 20 (n=0/1)

in which the choice of the scale factor is made in full agreement with the theoretical
asymptotics given by (6.2)., The validity of the latter is confirmed by the fact that o*
is of the same order in all versions (the ratio of the largest ordinate values does not
exceed three),

The broken line in Fig, 3 depicts the amplitude values of the stresses'o versus the

Fig, 3
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maximurm tangential force T; , for p = 4. Comparing ¢, with o we see, that for p = 4,
Op > 0, This means that when the conditions of zero moment hold, the state of stress
can indeed be called moment-free, although this is not a strict definition, Comparing,
on the other hand, o with o when i = 2 we see, that their maximum ordinates are
nearly the same, This also corresponds to the asymptotics (6. 2), the latter implying that
the stresses induced by the forces and moments become commensurable, when p = 2,

l
\”\ o
i
1.2 ; :

0.8 -
; /
g4 : : - =
f 03 N
i
E '
0 I <
Fig, 4 Fig. 5

Fig.4 depicts the auxilliary function w* related to the deflection w as follows:

w=10"Pu*cos20 (u=0,1,238), w=410"Puw*cos20 (u=4)

The scale factor here is chosen in accordance whith the theoretical asymptotics (6.4)~
—~(6. 6), except for the case p = 4 for which an additional multiplier is introduced, The
graphs confirm the theory, although the case of i = 4 deviates from it somewhat. This
is however to be expected, since (8. 4)—(6, 6) imply that for p < 4, w (at some distance
from the edge) is basically defined by the purely moment-induced state of stress, and by
the sum of the moment-induced and membrane states of stress when p = 4,

8, The jump in stresses and consequently in the deformation which occurs when(5,4) are
violated, is inevitable. It follows from the static concepts and must not be atwributed to
the shortcomings of the theory of shells,

Let us cut, from the circular cylindrical shell acted upon by the load (7, 1), a segment
(Fig. 5) defined by the inequalities

— 15, Vi <O ¥

The transverse shell edges are free, therefore the surface load applied to the cut-out
part should be balanced by the forces and moments applied to the edges 6 = ¥/, n and

=3/, @,

when the problem is symmetrical with respect to the cross section § = 0, these forces
and moments have the form ([1], pp. 220~222)

Ty == Tz cop 20, Gy = Gag cos 20, Sof = Sao’ sin 20, No' = Na' sin 20 8.1)
consequently on the rectilinear edges we have T» = G = 0.
Let us project the forces acting on the cut-out segment on the arc =1/, su perpendicular

to the shell axis 1y 1
( S [Z cos (B — Yom) + ¥ sin (0 — Yar)] rd 0dE = V'3 S Ny rdp dz
—1 Y -1

Inserting (7.1) into the above expression we obtain



State of stress in unconstrained shells 175

1
2sinn = — S Ny’ & (8.2)
-1
This, together with the assumption that the functions appearing in the above expressions
do not undergo large changes, yields
N2’ = 0 (sin n)

But according to our assumption sin n represents the error of the zero~-moment conditions,

hence Ny =0 (%) (8.3)
The fourth equation of equilibrium
dHy 3Gy
€ — a0 TrNe=0
together with (8, 3) and (6, 1), yields the following estimate :
Sg == (7] (ni’t—'4)

which is in full agreement with (6. 2).
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Stability problems of a rectilinear rod and a circular annulus under compression beyond
the elastic limit are examined on the basis of the prolonged loading concept,

For an idealized elastoplastic rod model Shanley [1] showed that the least critical
value of the axial compressive force is realized under the condition of continuous growth
of the external loading during buckling. This result was obtained by static methods and
was later expanded by a number of authors [2~5],

Proceeding from the assumption of equilibrium of the deformation process beyond the
elastic limit, the stability of a compressed rod is examined taking into account the actual
position of the boundary separating the elastic and plastic domains during buckling, By
an asymptotic solution of the nonlinear elastoplastic equilibrium equations the character
of the branching of the equilibrium modes in the neighborhood of the bifurcation point
is investigated,

The bending equations in the post-critical state are obtained by a variational method
and generalize the Euler elastic equation to the case of elastoplastic deformations, In



